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DUCTION

»se of this note is to present the solution of the
istic realization problem for c-algebra's gener-
‘inite dimensional Gaussian random variables.

hastic realization problem in stochastic
heory is to’ construct stochastic dynamical
epresentations for stochastic processes.

a growing literature on this subject [2,6,
ainly for Gaussian processes. The problem is
t satisfactorily solved. One open question
aussian case is the explicit classification
inimal stochastic realizations. In a static
the stochastic realization problem reduces
robabilistic realization problem to be for-
below. In this note this problem will be re-
The solution given may provide insight in
sification of minimal Gaussian stochastic
.1ons.

concept in stochastic realization theory,

in [7,10], is the conditional independence

. for o-algebra's. This relation is a key pro-
many area's of probability theory and sto-
processes. Examples of such area's are suf-
statistics, Markov processes, information
random fields, and stochastic system theory.

the problem? Assume given two jointly !

| random variables and consider the oc-alge-
\at they generate. One may ask for all the o-
s that make the given two o-algebra's condi-
.ndependent. To exclude some trivial answers
:ept of a minimal o-algebra must be intro-

'he probabilistic realization problem is then
existence of o-algebra's that make two given
ra's minimal conditional independent, to clas-
. such c-algebra's, and to develop an algo-
l\at constructs these c-algebra's. The contri-
»f this paper is the solution of this problem.

also define a weak probabilistic realization
where the underlying probability space may
:ructed. This problem is different from the
.istic realization problem, although they
» under certain conditions. A still open prob-
:he probabilistic realization in the case the
ra's are arbitrary, or not necessarily gener-
Gaussian random variables.

roach of the paper is a mixture of probabilis-
geometric analysis. The main objects of the
re o-algebra's generated by finite dimension-
;ian random variables. From Neveu [8] it is
1at a Hilbert space framework may be used in
se. This approach has been followed in [7].
this line of work is insufficient for the

problem to be considered here. Because of the re-
striction to o-algebra's generated by finite dimen-
sional Gaussian random variables a more explicit
classification may be obtained. Yet our approach
will be very much in a geometric spirit emphasizing
the spaces and working basis free as much as possi-
ble. Not all proofs will be given here; they are de-
ferred to a future publication.

A brief summary of the paper follows. The problem
formulation is given in the next section, while some
preliminaries are presented in Section 3. The proba-
bilistic realization problem is resolved in section
4.

2. PROBLEM FORMULATION

In this section some notation is introduced and the
problem defined.

In this note (Q,F,P) denotes a complete probability
space consisting of a set @, a o-algebra F, and a
probability measure P. Let

§_={G CcF IG a o-algebra completed with all null sets
of F},

and for G ¢ F.

+
L' (G) = {x: >R, _|x is G measurable}.

If y: © > RK is a random variable then Fy==c({y})£§
is the o-algebra generated by y. If Fy,Fy € F then
Fq VF3 denotes the smallest o-algebra that contains
both Fi and Fp. The notation (Fq,Fp) € I is used to

indicate that Fj, Fy are independent o-algebra's.

2.1. DEFINITION. The conditional independence rela-

tion for a triple of o-algebra's Fy,F),G € F is de-
fined by the condition that for all y; € L*(Fqp),
yy € LY (Fp)

ely,y.|c] = E[yIlG] E[y2|G].

1¥2
Equivalently, if for all yy € L+(F1)

v = .
E[ylle G] E[y1|G]
Then one says that Fy, F) are conditional indepen-
dent given G, or that G splits Fj1, Fp. Notation:
(F1,G,Fp) e CI. []
The equivalence follows from [1, II.45].

Some notation is introduced. Let




12,3,... 1, N {0,1,2,...},

n € zZ; let

2,...,n}, No= {0,1,2,...,n}.
nxn T

. then Q* denotes the transposed of Q,

at Q is positive definite, and Q > O that Q
tly positive definite.

dimensional Gaussian random variable with
rsneZy, ueRY 0e RN, satisfying Q =
is a random variable x: Q - RP such that

u € R1

Tx)] = exp(iuTu--% uTou) .

:x € G(U,0)i (Xq,-..,%y) € G(1,Q) denotes
h xT = (x?,...,xg), x € G(u,0). If x € G,
. may denote its covariance matrix.

INITION. The Gaussian conditional independ-
ation for a triple of o-algebra's
Y2 ¢ F, generated by

k ko
'

Rl, y2:Q—>R x:Q-*Rn

led by the conditions

1 rx,p¥2) ¢ c1;

,x,y2) € G.

1w @Y1rx,pY2) € c16. N

"11Yp) € G there exists random variables x
it (FY1,rx,FY2) ¢ CIG. For example x = vy
'y, are such random variables. From many
1ts it is of interest to ask for a minimal
fa.

'INITION. The minimal Gaussian conditional
ience relation for a triple of o-algebra's
FX ¢ F generated by

ko

Rkl, y2: Q > R 4, X: Q > Rn

1ed by the conditions

L,rx,r¥2) ¢ cIG;

e r, Pl e FX, (v,,y,%%)) €G,

L,F¥1,FY2) ¢ cIG, then F'! = FX,

> says that F* makes Fyl, FY2 minimal condi-
.ndependent, or that FX is a minimal splitt-
’1,FY2. Notation: FY1,F¥,F¥2) e cig, [

JBLEM. The Gaussian probabilistic realiza-
>blem for a triple of Gaussian random vari-
zl,yz,v) is:

show existence of triples (R“,Bn,Fx), where
2 > R, such that

®Y1,r%,7Y2) ¢ CIG 5

X c p¥1 v pY2 v FV and (yl,yz,v,x) € G;

1 a triple will then be called a minimal pro-
ilistic realization;

~lassify all minimal probabilistic realiza-
1s;

jevelop an algorithm that constructs all min-
| probabilistic realizations. []

Finally some additional notation for matrices is
introduced. Let

% .
D, = {a ¢ *V"| A a diagonal matrix},

+ .
p. ={aeD_ |az0},

n n

X
On={SeRnn|SST=I=STS},
nxn
the set of orthogonal matrices. For A € R let
T, T
c = = .
L (B) {(Sl,Sz)eonxon|stlA as,s,}

It is easily verified that C,(A) is an equivalence

relation, with S, ~ 52 iff (SI,S ) € Cn(A). The quo-
tient space O /Cn(A) iIs thus welf-defined. The class
of matrices at commute with a given matrix is de-

scribed in [2, 1.VIII2].
3. PRELIMINARIES

In this section the canonical variable representa-
tion for Gaussian random variables is introduced.
Furthermore an equivalent condition for CIGpip is
derived.

To describe the relationship between two random
variables Hotelling [4] has introduced the concept
of a canonical variable representation. For
Gaussian random variables this representation has a
rather explicit structure that is stated below.

3.1. DEFINITION. Given yq: Q - R¥1, yo: Q > r<2,
(y1,Y2) € G(0,K). These random variables are said
to be in canonical variable form if

R(k1+k2) x(k1+k2)

where N € DE&Z’ A = diag(Ay,Ap,.-esAg,,) with 1 >
A2 Ry 2 .. 2Xk12 > 0. Compatible with this de-
composition let

11 12

y,,: @ >R ’ y12:

T_ W7 T T
Y9 = Wyge¥ypr¥y3)y 11

. kK13
y13. Q > R ,

and similarly
T_ W T T
Yy = Woyr¥ppr¥p37

Furthermore let

I k.xk
ve (0 )™
0

\

and k =k

Note that Y1 = 12 VR

Yyy @-S.s
It is a classical result [8] that for any pair
(z1,22) € G(0,Kq) there exists a basis transforma-
tion (zq,zp) » <5121'SZZ2) such that (Syz4,S5z5) is
in canonical form. Such a transformation is unique
up to the equivalence relation (Sjp,Sp) ~ (Vq{,Vy) de-
fined by stlw = ngvz. On the basis of the canoni-
cal variable representation one may formulate a can-
onical form for Gaussian measures.

The problem posed in 2.4 is the construction and
classification of o-algebra's that make two given o0-
algebra's minimal Gaussian conditional independent.
This problem is analwgeous to the construction of




:ions in linear system theory. There it is
\at a dynamical system has a state space of
dimension iff the dynamical system is ob-
» and controllable. Furthermore all minimal

-ions are equivalent in a well defined sense.

j:ains of this picture in probabilistic real-
> The concept of probabilistic observability
defined first.

*INITION. Given (FY!,FX,FY2) ¢ CIG. This
7ill be called probabilistic observable if

<p<iuTy1) | ¥*1

stive on the support of x. It will be called
listic reconstructible iff the map

T
xp(iu'y,) | F¥1
ctive on the support of x. []

that through multiple experiments one is
obtain an estimate of the measure of y, for
value of x. Then probabilistic observability
that from this measure one can determine
ue of the state x uniquely. This property
ly motivates the above definition of probab-
observability.

1:/%:¥2) € G(0,Q) and a basis for x such that
one has

uTyl) ‘ FX]
T -1 1T -1
Uy, xxxX =5 U [leyl - lexQxexy1]“) .

Y1 pX p¥2) ¢ cIG is probabilistic observable
k(Qle) = rank(Q,.). The following result is

dvated.

EOREM. Given

k2

-Rkl, yz:Q-’R , x: Q > R".

lowing are equivalent:
1%, FY2) ¢ cIGy, i
(y1,%,¥2) € G;

= -1 .
Q¥ = lexQXXQXYZ’
rank(lex) = rank (Qyyx) = rank(Qyzx).
. has been assumed that a basis has been
such that Oyxyx > 0. []

yof of 3.3 is based on the following inter-
» results.

ROPOSITION. Given

> Rkl, ¥o: el Rk2, x: Q > rR"
,x) € G. Suppose that a basis for x has been
such that Qyy > 0. Then the following are

Llent:

/1 pX,FY¥2) ¢ CIG;
-1

1Y2 = Q¥ 1XO0xxXVo-.

This is a calculation via the conditional
teristic function. []

ROPOSITION. Given

> rK, ¥, g >RrR2, x:0-R

with (yq,y9,%) € G. If (FV!,FX,F¥2) € CIG
x.: 2Rl x =©gly, |F¥]
1 1 1. 4
k b'd
X2 @ >R 2 x, = E[y2| Fl],

then FY1,F*2,7¥2) ¢ c1G,

rank (¢ ) = rank(Qgxy) = rank(Qsz).

y %
PROOF. Not given here. []

3.6. PROPOSITION. Given

k k
Yy: Q>R1, Yyt Q>R 2 (yl,yz) € G(0,K)

with K as given in 3.1. The notation of 3.1. is
adopted. Then (FY1,FX,F¥2) ¢ CIG;, iff there exists
a basis for x such that

T T

x = (x; ,xg), x,: Q> Rkll, x,: Q> Rklz,

e 2

(Y11 ,p%1 pY21) ¢ c1G,;, and (FY12,F2,FY22) € CIGp;y-
PROOF. Not given here. []
4. THE PROBABILISTIC REALIZATION PROBLEM

In this section the probabilistic realization prob-
lem is resolved.

4.1. DEFINITION. Given a complete probability space
(Q,F,P) and three Gaussian random variables defined
on it

K1

k2
yl. Q >R, y2.

Q>R <, v: @ > R

with (yy,¥5,v) € G(O,L). Let the set of probabilis-
tic realizations be

k1+k2+m

PR(R ,Bk1+k2+m,G(0,L))

= {(@®@,8), F e E|x: 0 >R, P =o(lxh),

(1, F*,FY2) € ClGpin,  (v,.¥,,v,%) €6,

FX c FY1 v FY2 v pY}.

In the above definition v represents additional in-
formation on which the minimal c-algebra may be
based. It is clear that for an arbitrary Gaussian
random variable w, representing the additional in-
formation, one may construct a Gaussian random vari-
able v such that FV c FW and (FV,FY1 vFY2) ¢ I.

4.2. THEOREM. Given a complete probability space
(Q,F,P) with three Gaussian random variables defined
on it

v: Q> Rm

¥yt Q - Rkl, ¥y Q - sz,

(y1:¥2,v) € G(O,L) where

(x 0)

\o 1,

with K as given in 3.1; the notation of 3.1 is adopt-
ed. Let

L =

3 ny nym
PA = {(nl,nz,nB) eN", be (0,1) °, Seoklz, HeR

if B:=diag(b1,...,bn3), decreasingly ordered,

k12=n1+n2+n3
k 4 Xk T

e R'127712, then Se 0k, ,/Cx,,(U), HH =1},

, U= blockdiag(Inl 'B'Onz) €




1e map

k 1+ko+m
PR(RTITF2 +By 14k p#me G (0/1))

n3,b,S,H) € PA, U € Rk12Xk12 as construct-
definition of PA, n = k11 + k3,

-1 5 +
-A) 7, AT € Dklz'

5(1-u)sTA"a",

‘USTA %A;5

2
2

0
S(U—Uz) H)
0

1 = Y11 ) X _
X = s o= o(ix
’ P1y1 2PV tP 3V ({x},

K) € PR.

th respect to the given basis for (yl,yz,v),
L defined and a bijection. [.

ar is reminded of the fact that the trans-

1 to the canonical variable representation

ique. Hence the bijection part of: 4.2 is

ly with respect to the given basis.

Lt 4.2 resolves the probabilistic realiza-

blem 2.4 in that it classifies all minimal

ions and provides an algorithm to construct
alizations.

£ of 4.2 is based on the following lemma
2ats of special case of 4.2. This special
notivated by 3.6.

MA. Given three Gaussian random variables
Rk, Yo Q> RK, v: Q > Rm (yl,y2,v) €

)

[m

5 defined in 3.1. Let

e %, b3 e ROM|a= 1-A)“ 9=0"20,
+ QN+ ANQ-QAQ-A = P P }.

e map r,: PAl—*PR(R ,B2k+m,G(O,L)) as
PA,,
amn*z-n?H 7,

L 2,-1

M AT(I-A") 7,

+P +Pv, FX = a({x}),

1 X=P 2¥2*P3

1¥1

x) € PR.

th respect to the given basis for (y1,¥,,V),
£y is well defined and a bijection. [J

culations used in the proof are summarized

X
POSITION. Given the matrix A € R" n, of

as presented in 3.1, QeR™?, and

A A
I ALEQ> e RO
S

hat Q = QT. The following are equivalent:

i

{ge R |g=0T 20,
Q+ OAA + ANQ - QAQ —
1

Aloml,
};

A:=(
A 20

IA

ith I as defined in 3.1,

((1-/\2)'1 -3 )
A @t

ntary row and column operations now yield that
I iff

)2 A and I--A!'ZQI\!2 20,

Ak
V- (A% on®E (A;,Q>

culation then gives the result. [0

*OF 4.3. 1. With A and I as given above
Lo 4k

) = (AT onhs7l,

PyT
1 = QAQ+ A - QAA - AAQ

) show that rj is well defined let (Q,P,) € PAj.
FX is well defined. It is then a calculation to
that Qy . x = A%, Qyox = A%Q, and using an equal-
»f 1 above and {Q,P3) € PAq,

T
(p,P )Z( )
172 PoT
T

o7
P3P3

)=0F >0 and Q+ QA +ANQ - QAQ - A = PPy 2 0
7 by 4.4 that Q 2 A > 0. Then

- -1
= h= 2%t = oy Loiion

= QAQ+A - QAA - ANQ+ P pg

F3=9-

)

[lex) = rank(Qxx) = rank(Qyzx),

s by 3.3 (F¥1,F%,F¥2) ¢ c1G

min”
- will be shown that r, is surjective. Let
sn,Fx) € PR. Because

F*,F¥2) ¢ cIG_,
min

3.3 one may choose a basis for x of dimension
:ank(Q 1y ), hence rank(Q,,) = k and by 3.3
(Qle) ﬁ Take the basis transformation

A%Q;ixx and set Q = Qxlxl' Then it follows that

5
1= A2, Qy2xl = A°Q. Furthermore
-1
|1 v pY2] = (a7 oA (5;) = Pyyy + Po¥ys

k
1 above. Let z: @ » R, 2z = x-Plyl-szz.

Yl v p¥2 v FV, z is independent of (yl,yz), and

y2,v,z) € G, hence there exists a P3 e RKXM
that z = P_v a.s. Furthermore
=E[zzT]= —(p P)Z( ) Q+ QAA + ANQ - QAQ - A.
2

(Q,P3) € PAI'

o establish that r, is injective let

1
X1y o (g"2 X2
B, F ) = (R'2,By ,F°?) € PR.

use r is surjective one may associate with these
PA,. B
Pi3)s (Qy/Py3) € ecause

1
s F*2 ¢ (FYIveY2vrY),
Yorvixy) € Go (¥4¥,,V,%,) € G,y

kxk
e exists a nonsingular SeR such that X, = Sxi.




¥y ¥ Pyo¥y t PV

Y1 + P22y2 + P23v. Then
?99¥g t Po3V = SPy ¥y + 5Py v, +SPy3vs
21) = T (SPypmRy) Ay

208 = ~(SPyp=Pyo)y Py3 = SPys-

1e expressions for P,., P..,, P, ., P22 and
ing some calculations one obtains

[(s-1)-(89,-0,) 10" (1-4%) 7Y,

= [(50,-0,)-(s-D) Al (1-0%) 7!,

21

-A2) =0or s =1I,

2, _ = -
(I-A") = 0 or Qy = Qy Pyy = Pyae O
F 4.2. 1. That r is well defined follows
calculation and 3.3.

aow that r is surjective let (Rn,B ,Fx)s PR.
5 it follows that there exists a basis
uch that

ki1

a»r1, x : o-r¥12,

)
,Xz r X 2.

1 :
X, ¥
1r2ly ¢ c1G_, ,
min
X y X X
2,F22) ecic , , FF=F1vF?2
min
1 exercise to show that

X, v
1,r2l) ¢ ciG_,
min

that with respect to some basis
1 = ¥Yp1 a.s. From

X Y
2,F 22) ¢ CIG_._ and 4.3 one obtains that
xists a (Q,P3) € PAq such that

k b4
) = (R 12,Bk12,F 2). Then

.ANQ-QAQ-A = P_P.

3P3- Using the trans-
on

Q—A)A% ¢ rR¥12°K12 one obtains that

- 2
2)A E = p pT >0, M= MT 20,0orM =M
> 0.

h%re exists U f D;%%, S! € Ok12 such that
S1. By convention e diagonal elements of U
sen in decreasing order. Let Se 0k12/ck12(U)
element corresponding to S, € Ok,,. Let

5 € N be respectively the number o£ diagonal
s of U in {1},(0,1),{0}. Let B € Dy, be the
1 matrix corresponding to the elemeits in

n U. Let

¥ v, € R

STA%P3. Then

A -m?)a™? = a7 % (u-u2)sTa™? implies that
v, = 0, and V3 = (8-B7).

89 el , m= @) Ty, « 83", then

3

3. Finally it will be shown that r is injective. Let
n X n X,

(R 1,Bn1,F 1) = (r 2,Bn2,F 2) e PR.

As proven in 2 above r is surjective so there exist

(n11,n12,n13,b1,31,H1),(n21,n22,n23,b2,sz,H2) € PA
corresponding to these elements. As mentioned in 2

above there exist (Qq,P13) = (Q5,Py3) € PA1, equal
because of 4.3. Note that
-4 T, _ -k T -4
A SlulslA +A = Q1 = Q2 = A 520252A + A,
T T
SIUIS1 = S2U252.

Because of the ordering of the diagonal elements of
Uy,Uy one obtains that Uj; = Uj. Then

T
555194

T
= US,S;, Sy, € O /i, (U
imply that 51 = 52' Finally
0
Y 29\ __ - 2
SNU1*H)G§ SP13TFp3=A S (0 UP(R

o

N

imply that Hl = H2.
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